Abstract. We prove that the universal covering of an alternating group AltðnÞ which is Hurwitz is still Hurwitz, with 31 exceptions, 30 of which are detectable by the genus formula.
Introduction
A finite group is said to be Hurwitz if it can be generated by two elements of orders 2 and 3 whose product has order 7. In [2] Conder constructed a ð2; 3; 7Þ generating triple of the alternating group AltðnÞ, for all n > 167, and indicated the exact values of n c 167 for which AltðnÞ is Hurwitz: they are displayed in Table 1 below. This result was a key step in the field, and allowed further progress, e.g., the discovery that very many linear groups over finitely generated rings are ð2; 3; 7Þ-generated (see [5] , [6] and [11] , for example). In this paper, applying Conder's method, we prove the following: Apart from the case n ¼ 21, these exceptions are due to the failure of inequality (3) below. This inequality follows from Scott's formula [8] or, equivalently, from the genus formula [3, Corollary, p. 82] :
where g d 0, and r, s, t are the numbers of fixed points of a Hurwitz generating triple of a transitive group of degree n. Hence these formulas essentially discriminate the alternating group from its universal covering. For each degree n with positive answer, we exhibit a ð2; 3; 7Þ generating triple of g AltðnÞ AltðnÞ, up to an element of its center. Comparison of our generators with those of Conder provides further evidence that the same alternating group may well admit non-conjugate Hurwitz generators.
Our proofs are computer independent, but the algebraic software Magma and GAP have been of invaluable help.
Preliminary results
For the definition and general properties of universal coverings we refer to the book of Aschbacher [1, §33] . For our purposes it is enough to recall that, for n d 8, g AltðnÞ AltðnÞ is perfect, its centerZ Z has order 2 and the factor group g AltðnÞ AltðnÞ=Z Z is isomorphic to AltðnÞ.
Theorem 2.1. Letx x be a 2-element in the universal covering g AltðnÞ AltðnÞ, whose image x in AltðnÞ is an involution. Thenx x has order 2 if x is the product of 4k cycles and has order 4 if x is the product of 4k þ 2 cycles.
The previous result, which is part of [ Proof. Let x, y be as in the statement. Any preimagex x of x in g AltðnÞ AltðnÞ has order 2 by Theorem 2.1. Clearly y has a preimageỹ y of order 3. If ðx xỹ yÞ 7 ¼ ÀI , the central involution of g AltðnÞ AltðnÞ, we replacex x by Àx x so that ðÀx xỹ yÞ 7 ¼ I . As both groups hx x;ỹ yi and hÀx x;ỹ yi map onto AltðnÞ, each of them coincides with the group g AltðnÞ AltðnÞ, as it is perfect. We conclude that this group admits a ð2; 3; 7Þ generating triple. The converse is obvious. r Table 1 shows the values of n with n < 168 for which AltðnÞ is Hurwitz: this classification appears in [2] (mention of 139, which does not satisfy (2), is omitted there).
Negative results
Assume that AltðnÞ is Hurwitz. It follows that
Similarly, if g AltðnÞ AltðnÞ is Hurwitz, then
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]). In this connection, it is useful to note that an involution
The diagram which depicts this representation is denoted by MðiÞM 0 . So the starting point of [2] is a list of basic diagrams. The corresponding transitive permutation representations that will be used here are given explicitly in [9, Appendix A] and [11, Appendix A].
Lemma 4.1. In the notation of [9] , let x, y be defined by diagram G, with vertices f1; . . . ; 42g and ð1Þ-handles f2; 3g, f14; 15g, f32; 33g. Set x 0 ¼ x ð14; 32Þð15; 33Þ:
Then the product x 0 y and the commutator ðx 0 ; yÞ are respectively conjugate to xy and ðx; yÞ.
Proof. Direct calculation shows that ð15; 33Þ conjugates xy to x 0 y, and also that ð35; 17; 31; 32; 34; 16; 37; 28; 30; 21; 20; 8; 18; 25; 10; 27; 23; 24; 41Þ conjugates ðx; yÞ to ðx 0 ; yÞ. We note that the cycle structure of both commutators ðx; yÞ and ðx 0 ; yÞ is ð2; . . . ; 1; . . .Þð14; . . . ; 13; . . .Þð32; . . . ; 31; . . .Þ1 3 , where each non-trivial cycle has length 13. r As x 0 y has order 7, we may denote by G 0 the diagram which depicts the representation X 7 ! x 0 , Y 7 ! y of the previous lemma. In Table 2 we list each basic diagram that will be needed, with its degree, and the number m of 2-cycles of the corresponding involution x. When a suitable power of the commutator ðx; yÞ is a cycle of prime length p, we indicate explicitly this prime (also called 'useful'). We use the notation of [9, Appendix A] for the diagrams called G, A, E, H i ð0 c i c 13Þ, the notation of [2] for B, C, D, J and that of [11, Appendix A] for the remaining ones.
For each H i in Table 2 , we define three composite diagrams, namely
G:
Here we mean that W We are now ready to prove Theorem 1.1 for all values of n of the forms If x, y are defined by this diagram, then hx; yi is a primitive subgroup of AltðnÞ and a power of the commutator ðx; yÞ is a p-cycle of prime length p c n À 3 (see [2] ). By a result of Jordan [7] , we have hx; yi ¼ AltðnÞ. Let m be the number of 2-cycles of x. If m 1 0 ðmod 4Þ, the group g AltðnÞ AltðnÞ is Hurwitz by Corollary 2.1. Otherwise we may consider the diagram obtained by replacing the last copy of G by G 0 . The number of 2-cycles of the involution x 0 defined by this modified diagram is m þ 2 1 0 ðmod 4Þ. It follows from Lemma 4.1 that the cycle structure of ðx 0 ; yÞ is the same as that of ðx; yÞ. This allows us to conclude that hx 0 ; yi ¼ AltðnÞ by the same argument as was used for hx; yi. Note that every integer n d 300 and every integer listed below has the form given in (4). T  66 32 78   84 99 119 120 126 134 140 141 148 154 155 157 161  162 168 169 175 176 177 178 182 183 184 186 189 190 196  197 199 203 204 207 210 211 213 217 218 219 220 222 
The remaining cases
In this section, for each remaining degree n, we give a diagram which defines a ð2; 3; 7Þ generating triple ðx; y; xyÞ such that x is the product of m 1 0 ðmod 4Þ disjoint 2-cycles, hx; yi is a primitive subgroup of AltðnÞ which contains a p-cycle (called useful) of prime length p c n À 3. As above we conclude that the universal covering group of AltðnÞ is Hurwitz.
We first consider diagrams which involve an H i , for some i with 0 c i c 13. In accordance with Table 2 , it is convenient to split this interval in the two subsets: Hence, for each i 1 A I 1 and each i 2 A I 2 , we consider the diagrams: For each of these diagrams, a suitable power of the commutator ðx; yÞ is the pcycle listed in Table 2 , associated to the H i involved by the diagram.
Next we consider the diagrams listed in Table 3 , where the p-cycle is the word described in the fourth column.
Using the ð2Þ-handles of the diagrams B, D and S we deal with the cases n ¼ 65; 72. Indeed, we construct the diagrams Bð2ÞSð1ÞA and Dð2ÞSð1ÞA: it turns out that in the first case the word [4] we may take x ¼ ð1; 2Þð3; 4Þð5; 7Þð6; 10Þð8; 13Þð9; 16Þð11; 19Þð12; 14Þð15; 22Þð17; 25Þ ð18; 28Þð20; 23Þð21; 31Þð24; 30Þð26; 34Þð27; 37Þð29; 35Þð32; 33Þð36; 40Þ ð38; 43Þð39; 46Þð41; 48Þð42; 49Þð44; 52Þð45; 55Þð47; 58Þð50; 56Þð51; 53Þ ð54; 61Þð57; 64Þð59; 67Þð60; 70Þð62; 63Þð65; 72Þð66; 68Þð69; 73Þð71; 76Þ ð74; 79Þð75; 82Þð77; 85Þð78; 88Þð80; 90Þð81; 91Þð83; 89Þð84; 86Þð87; 94Þ ð92; 93Þð95; 96Þ;
ð3i þ 1; 3i þ 2; 3i þ 3Þ;
we take the useful prime p ¼ 59 and p-cycle ðxyxy 2 xyxyxy 2 xyxy 2 Þ 420 . Table 3 .
n Diagram p p -cycle
